Introduction
This work is an extended study of the optical vortex laser beams created by a novel astigmatic mode converter with a single cylinder lens [1] [2] . Optical vortices are points of undefined phase and hence zero intensity in the center of certain light beams. They have many practical applications, including optical tweezers and data encryption, due in part to the fact that their spiral wavefront carries orbital angular momentum. Optical vortex beams can be produced by several methods, including conversion of a Hermite-Gauss (HG) mode to a LaguerreGauss (LG) mode. The traditional form of such a mode converter uses two precisely spaced and aligned cylinder lenses [2] . The first lens introduces astigmatism, or a variance of focal lengths in the orthogonal axes of the beam. This astigmatism lasts until the beam reaches the second lens, which creates a counter-astigmatism that restores the beam to its isotropic state. A simplified method to convert modes by using a single cylinder lens was discovered by a previous student researcher [1] . Although the thus converted generates a perfectly circular vortex beam at a sufficiently large distance from the converter (in the far field), this circular vortex beam still carries a residual longitudinal astigmatism.
The initial purpose of our project was to study the effect of this residual astigmatism when the beam is brought to a focus. We expected to see that the beam would be stretched in various directions as it moved through the focal region. In particular, we expected to observe a perfectly circular vortex of a reduced size at the midpoint of the focal region.
However, what we observed was drastically different from our expectations: the vortex was broke apart in this focal region and a smaller version of the original Hermite-Gaussian mode appeared at the midpoint of the focal region. With this unexpected observation the purpose of the project was revised. A more careful consideration of the expected changes in the focal region explained the effect, and we could model the exact behavior of the beam with a simulation based on the q-parameter formalism that was created in a spreadsheet program.
A very important part of our work was to demonstrate that a proper tilt of the focus lens can completely eliminate the undesired deconversion of the LG mode by introducing a controllable compensating astigmatism. In our experiment a tilt of just six degrees produced a robust circular vortex that propagated through the focal region with no change in shape.
Background

Modes
Light modes are waves that satisfy wave equations. Gaussian modes are the fundamental modes. Different modes can be created by multiplying polynomials to the Gaussian functions.
HG and LG each have Hermite polynomial and Laguerre polynomial (rectangular and radial solutions to harmonic oscillators and coulomb's force) multiplied to the wave equation.
The wave equation of the Gaussian beam can be expressed as
where exp
is the Gaussian function,
is the spherical wave front of the
, and z R = πw 2 0 /λ.
• Hermite Gaussian modes are regular Gaussian modes multiplied by the Hermite polynomial, which is the following:
This polynomial represents a tilted Hermite Gaussian mode with its axes at a 45 degrees angle with the x and y axes. [2] The modes are expressed in Cartesian coordinates and carry rectangular symmetry.
Hermite Gaussian modes are characterized by their opposite phases in adjacent lobes.
Interference of these lobes cause the dark region in the beam. These modes can be created by placing a 50µm hair inside an open-cavity HeNe laser.
• Laguerre Gaussian polynomial is given as follows:
Interfering a Laguerre Gaussian mode with a zero-order Gaussian mode creates a char-acteristic forked pattern. These modes are expressed in cylindrical coordinates and have azimuthal symmetry. The helical wavefront of this mode allows it to carry orbital angular momentum, allowing exertions of torque on particles. The phase of the beam takes on every value at the center, creating a dark core (an optical vortex) [2] .
The only difference between these two polynomials is the phase factor of i k found in the Laguerre polynomial. The factor i k represents the kπ/2 phase difference between beam components [2] .
Matrices and q parameter formalism
In ray optics, the projection of the beam through lens and free space can be explained through matrices. The matrix through free space over a distance s is 
where f is the focal length of the lens [9] . Gaussian optics utilizes complex parameters to express laser beams. A complex parameter q(z) is described by
where z is the distance from the waist of the laser and z R is the Rayleigh range. It can also be described as
The q parameter will change into
upon changing according to the ABCD matrix.
Tilting lens: Coddington's equation
The well known Coddington's equations are
Figure 1: Astigmatic foci for a lens, where the chief ray is incident at the angle ϕ. Q m is the focus of shorter f 1 axis and Q s is the focus of longer f 1 axis [3] .
where s and m represent the short and long axes [3] . ϕ is the tilt angle (or the incident angle), and ϕ' is the angle of refraction (defined by ϕ = nϕ' where n is the refractive index).
We then have
where R is the radius of curvature and n is the index of refraction for the glass lens.
Coddington's equations show that when a light source is at an angle from the lens, the x axis and y axis of the lens will have different focal lengths. Assuming that input angle ϕ = ϕ where N sin ϕ = sin ϕ since ϕ is small, the shorter focal length equals f cos ϕ, and the longer focal length is f / cos ϕ. 
Gouy Phase Shift
A phase shift difference of a Gaussian beam and a regular plane wave of the same frequency is called Gouy phase shift, which is defined by
where z equals to the distance from the waist of the beam, and z R equals to the Rayleigh range. For a Gaussian beam, the total Gouy phase shift as the beam traverses through a lens is π since the phase shift up to the waist is arctan(∞/z R ) (assuming the incoming beam is collimated)and the phase shift from the waist to infinity is again arctan(∞/z R ). The Gouy Phase Shift up to the Rayleigh range is arctan(z R /z R ) which equals to π/4 ( Figure 3 ).
Astigmatic Mode Converters
A mode converting method extensively studied by Beijersbergen et al. utilizes two cylinder lenses, as shown in Figure 4 [2]. To convert a Hermite-Gaussian mode into a LaguerreGaussian mode, a phase factor i must be introduced to the beam. This is achieved in an astigmatic mode converter by using the Gouy phase shifts acquired by each orthogonal beam component. The first lens introduces astigmatism to cause the Gouy phase shift difference, and the second lens brings the two components together to make them isotropic.
This method has been proven to generate Laguerre Gaussian beams with maximum mode Figure 3 : Phase shift that occurs in a Gaussian beam as it traverses through a lens purity of 95%, which is significantly better than those generated with other converters, such as holographic converters [5] .
Mode conversion can occur with an absence of the second cylinder lens [1] . With the correct alignment, the net Gouy phase shift difference of the two beam components in the far field equals to π/2, which is the desired phase shift difference. As shown in Figure 5 , the apparatus includes a mode matching lens, which produces the initial waist. The cylinder lens is placed a Rayleigh range away from the initial waist.
Up to the cylinder lens, both beam components gain a π/4 phase shift from the first waist of the beam. Upon propagating through a cylinder lens, the beam is broken down into two components: the active beam component, and inactive beam component. Each of these components are affected differently due to the astigmatism given by the cylinder lens.
While the active beam component is focused to a second waist, the inactive beam component remains unaffected. The Gouy phase shifts gained by each of these beam components are therefore:
1. π/4 up to the second waist, and π/2 into the far field for the active beam component 2. π/4 into the far field for the inactive beam component.
The net Gouy phase shift difference is π/2, which is the necessary phase shift difference for dx . Therefore, the intensity distribution is given by the integral of a Gaussian, or an error function. The three parameters (width, center, and amplitude) can be altered to find the best-fit curve. Using the Least Square method, we compared the theoretical values with the data and changed the parameters until the error was minimum. The final width parameter gives the radius of the beam, which is used to find the hyperbola that best describes the propagation of the beam.
The waist size of a Gaussian beam is determined by the equation
which takes the form of a hyperbola when graphed [7] . The approximate waist size of this laser was 238.32 microns. The waist is used to find the Rayleigh range using the following equation:
and the resulting Rayleigh range was 281.9 mm.
Building the converter
If z L is the Rayleigh range of the laser and d 1 and d 2 are the distances from waist to mode matching lens and that lens to the next waist, the focal length of the cylinder lens (also equal to the Rayleigh range of the beam and the imaginary part of q 2 ) is
(12) Solving this equation for d 1 results in
And the distance to the second waist from the mode matching lens, d 2 (also the real component of complex parameter q 2 ), is
We tested different focal lengths fm for the most reasonable distances, and the result was a focal length of 100 mm with d 1 = 347.9 mm and d 2 = 4.84 mm. The distance from the mode matching lens to the cylinder lens is d 2 + f cyl , which is 24.84mm. In reality, d 1 was placed 337 mm from the laser and the cylinder lens was placed about 135mm away from the mode matching lens. Because of the misplacement of the mode matching lens, the cylinder lens was also placed at a distance much more than the expected value.
Refocusing the beam
The resulting optical vortex from the single lens mode converter is perfectly circular in the far field, but residual astigmatism remains due to the lack of a second cylinder lens. Therefore, the longitudinal astigmatism will generate two waists upon refocusing. Since the beam components have varying radii, we expected to see the vortex beam stretched in different directions: perhaps in a sequence of a vertically stretched vortex, perfectly circular vortex at the point of equal radii, and then a horizontally stretched vortex.
To investigate this, we focused the beam with a spherical convex lens with a focal length of 250 mm in the far field (80 cm from the cylinder lens, which is about 40 times the Rayleigh range) with a double convex lens. Since the waist size around the focal region is too small to observe by eye, we used an imaging lens with a short focal length (25.4 mm). This imaging lens takes a cross-section of the beam as an object and magnifies the image on the screen. We placed this appropriate distance beyond the focal region on a translation stage and moved it back and forth to observe the focal region. It is easy to explain in detail why the mode transformation is undone. Following the focus lens, the inactive beam component approaches a waist sooner than the active counterpart.
Up to the point where the radii of the two beam components are equal, 1. The inactive beam component gains a π/2 phase shift up to its waist, and an additional π/4 as it comes to to point of equal radii.
2. The active beam component does not come to a waist before the point of equal radii, so it only gains a phase shift of π/2 up to that point.
The net Gouy phase shift difference in the system as a whole is therefore π/2(initially gained from the single lens mode converter)-(π/4-(π/2+π/4)) = 0. The necessary phase shift for mode conversion has been reversed, so the mode returns to its initial state.
Tilting the lens decreases the focal length of one axis more rapidly than the other, therefore creating astigmatism in the beam. Using this property of tilted lenses, we can introduce controlled astigmatism, which can correct the undesired astigmatism. Figure 8 : Ray trace diagrams of the beam before and after tilting the refocus lens. The tilted focus lens in (B) shortens the focal lengths in both axes, but shortens a greater magnitude in one component than the other.
As shown in Figure 8(B) , the the beam components share a common waist at a shorter focal length after tilting the refocus lens. The elimination of astigmatism also completely reduces the relative Gouy phase that deconverted the vortex.
The top three photos in Figure 5 (5) and (6) . The plotted radii values accurately show the astigmatism of the beam (Figure 11(a) ).
The waist radii calculated this way can be used to calculate the Rayleigh range, z R = The radii values of the tilted focus lens system was plotted as shown in Figure 11 In this work, we investigated what happens when we focus an optical vortex containing residual astigmatism. The properties of laser was measured, and a single lens mode converter was built based on those measured properties. The laser beam was then focused with a spherical convex lens. We witnessed an unexpected deconversion of mode at focal region.
This change in the laser mode was observed and analyzed. We further showed that this undesirable effect can be avoided by tilting the focus lens appropriately in a magnitude defined by Coddington's equation. Recovering the LG mode through tilting the focus lens not only recovers the vortex beam, but also allows swift conversions to and from the two modes. This was supported by experimental evidence as well as theoretical values calculated by q parameter formalism.
A complete understanding of the single lens mode converter allows its appropriate utilization in its initial motivation: optical tweezing and manipulation of microscopic objects [8] . Unlike the traditional mode converter, the single lens mode converter, now complete with a tilted focus lens, will simplify the building of an optical tweezer as well as other vortex-related apparatus.
